Relativistic scalar field theories with a conserved global charge Q often possess (meta)stable spherically symmetric soliton solutions, called Q-balls. We elaborate on the perfect formal analogy which exists between Q-balls, and spherically symmetric solitons in certain nonrelativistic atomic Bose-Einstein condensates, for which the dominant interatomic interaction can be tuned attractive. The stability of such atomic Q-balls depends on higher-order interatomic interactions, which can render the Q-balls absolutely stable for large Q. In a harmonic trap, present in existing experiments, the Q-ball solution is modified in an essential way. If the trap is significantly prolongated in one direction, however, then genuine solitons do appear, and some of the Q-ball properties studied in a relativistic cosmological context, such as their formation and collisions, can also be addressed experimentally.
Introduction
Solitons, (meta)stable non-dispersive bound states, appear in all areas of physics described by non-linear field theories. They can be considered as lumps of spatially localised matter. As is well-known, solitons can be topological or non-topological in nature. Here we shall be concerned with non-topological solitons, which are defined as field configurations having the same boundary conditions at asymptotic infinity as the vacuum state. For an extensive review on non-topological solitons in both relativistic and non-relativistic field theories, see [1] .
Most soliton solutions exist in one space-dimension only, as required by a theorem due to Derrick [2] . The theorem can, however, be circumvented, either by including gauge fields of non-zero spin or, as will be discussed here, by considering time-dependent solutions. The bottom line is that stable spherically symmetric non-topological solitons [3, 4] , also called Q-balls [5] , can exist if the theory contains scalar fields with suitable self-interactions, a conserved particle number, or "charge" Q, and the charge is carried by massive particles.
In particle physics Q-balls have attracted a lot of attention recently. The reason is that the requirements for their existence are satisfied by (approximately) supersymmetric theories [6] , considered among the best alternatives for physics Beyond the Standard Model. Indeed, such theories do have new scalar fields, in the form e.g. of "squarks". In this case the conserved charge is the baryon number B (or some combination of the baryon and lepton numbers). The precise properties of Q-balls depend on the particular model of supersymmetry breaking, but for many conceivable alternatives, supersymmetry-based Q-balls may contribute significantly to the dark matter [7] and baryon contents [8, 9, 10] of the Universe (for recent reviews, see [11] ). Stable Q-balls can also be directly searched for in existing and planned experiments [12] .
In the present paper we transport the Q-ball formalism to non-relativistic atomic BoseEinstein Condensates (BECs), which during the last few years have been the subject of exciting experimental developments. Our purpose is to elaborate on the formal analogy that exists between Q-balls and various solitons in BECs (see [1, 13] for reviews). We thus discuss, on one hand, whether it might be possible to observe spherically symmetric three-dimensional (3D) Q-balls in actual BEC experiments and, on the other hand, what kind of analogies can be drawn from the already existing experiments with essentially one-dimensional (1D) solitons.
Q-balls in relativistic field theory
Let us start by briefly reiterating the properties of non-topological solitons, or Q-balls, at zero temperature in a relativistic field theory (for a recent review see, e.g., [14] ) 3 . Consider a generic field theory containing a scalar field φ and having a global U(1) symmetry. Let us denote the scalar potential by U (|φ|). The Minkowskian action is then
According to the Noether theorem, the system described by this action possesses a conserved "charge", Q,
In the non-relativistic case Q could be the number of atoms, while in the relativistic case it could be the baryon number, as in supersymmetric theories. The question is, what kind of solutions are there for the classical equations of motions derived from S M , given some fixed value of Q? In order to answer this question it is convenient to introduce a Lagrange multiplier µ conjugate to Q, and consider the expression for the energy of the system in the sector of a fixed µ first 4 . Then, a Q-ball solution has the form [3, 4, 5] φ(x, t) = exp(−iµt)φ(x). (2.
3)
The energy related to this configuration in the given ensemble is
The chemical potential µ is related to the total charge of the solution Q through
Finally, the energy in the sector of a fixed charge is obtained by a Legendre transform,
where µ is expressed in terms of Q by inverting Eq. (2.5).
To study whether Ω(µ) has non-trivial extrema, one writes
A spatial variation in α(x) costs energy, so that we may assume it a constant, and without loss of generality, choose it to vanish. Moreover, energy is minimised by a spherically symmetric configuration [15] . The corresponding profile v(r) is then determined by the classical equation of motion following from Ω(µ),
By choosing a suitable µ this system does have a non-trivial localised solution, called a Q-ball, provided that U (v/ √ 2)/v 2 has a minimum for some v > 0 [3, 4, 5] . Physically, this implies the existence of an attractive interaction which can bind a collection of elementary quanta into a condensate, or "lump", of semiclassical matter.
The fact that a solution exists for the classical equation of motion does not yet guarantee that it is stable with respect to quantum fluctuations. This is the case only if the energy of the solution, E(Q), is smaller than the energy of an ensemble of free particles of mass m carrying the same charge:
Under these conditions Q-balls are absolutely stable [4] . If Eq. (2.9) is not satisfied, then Q-balls can still be metastable [4] but possibly long-lived (see, e.g., [16] ). These basic considerations can be refined in a number of ways. For instance, finite temperature corrections can be addressed through the grand canonical potential, Ω(T, V, µ). It is a standard procedure to derive a Euclidean ("imaginary time") path integral expression for Ω(T, V, µ), and one can generically carry out also "dimensional reduction" in this expression, integrating out the non-zero Fourier modes for the dependence of the fields on the time-like coordinate. The result is just Eq. (2.4), only with modified parameters, containing now all relevant dependence on the temperature T [9] . One can also address a wide variety of different potentials: for instance, if the potential is "flat" at large |φ|, modulo possible logarithmic corrections, then the energy of the solution E(Q) scales as E(Q) ∼ M Q 3/4 [4, 17] , allowing to satisfy Eq. (2.9) for Q ≫ (M/m) 4 , and making Q-balls absolutely stable. With other potentials the growth may be slower than |φ| 2 only by radiatively induced logarithmic corrections [18] , but it is still possible to find regions in the parameter space where Q-balls are absolutely stable [19] . Finally, it is possible to address the formation of Q-balls from the fragmentation [7, 8, 20] of an essentially homogeneous initial condensate [21] as well as, in case Q-balls are only metastable, their decays and lifetime [16] , particularly at finite temperatures [7, 8, 9, 10] .
Q-balls in non-relativistic field theory
Let us now turn to the non-relativistic case appropriate for atomic BECs. As is conventional in this context, we denote the scalar field by ψ instead of φ, and reintroduceh.
The "vacuum" action describing the weakly interacting atoms can be written as
Here m is the atom mass, a is the s-wave scattering length, and V (x) is a possible external potential. The conserved Noether charge corresponding to this theory is just the particle number,
and the energy for stationary configurations, obtained for an ensemble with a chemical potential µ conjugate to Q, is then
As is conventional, the chemical potential has been additively redefined here such that it contains the part V 0 ∼ m in Eq. (3.1). The energy for a fixed charge is again obtained from
where µ is expressed in terms of Q by inverting Eq. (3.2) for a given solution ψ depending on µ.
Let us remark that finite temperature effects could be taken into account in complete analogy with the relativistic case: one can again write down a Euclidean path integral expression for the grand canonical potential and carry out dimensional reduction, to arrive at an expression of precisely the form in Eq. (3.3), only with modified parameter values [22] . The equation of motion following from Ω(µ) is the (stationary) Gross-Pitaevskii equation [23] ,
We observe that (apart from trivial changes) Eqs. (3.3), (3.5) describe precisely the same physics as Eqs. (2.4), (2.8), if V (x) = 0. Note that in the relativistic case, U (|φ|) includes also a term quadratic in φ, U (|φ|) = m 2 |φ| 2 + ... , so that m 2 − µ 2 rel ∼ −2 m µ non-rel . Since Eqs. (2.4), (3.3) are equivalent for the homogeneous case V (x) = 0, the conditions for the existence of (meta)stable Q-ball solutions are also equivalent: the potential needs to grow more slowly than |ψ| 2 . This can be achieved if there is an attractive interaction between the atoms or, equivalently, if the s-wave scattering length is negative, a < 0. This is indeed the case for instance for the alkali vapour 7 Li [24] . More generally, the magnitude of a in BECs can be tuned in a wide range, including both positive and negative values, using a magnetic field close to a so-called Feshbach resonance (see, e.g., [25] ), as has been demonstrated also for 23 Na [26] , 85 Rb [27] , and 133 Cs [28] . In the following, we thus assume that a < 0.
Obviously, setting just a < 0 in Eq. (3.3) is somewhat discomforting, because the theory is then not well-defined, being unbounded from below. This implies that the system tends to undergo a phase transition to the true ground state, possibly a Bose liquid [13, 29] . It is observed experimentally, however, that at least on short enough time scales a weakly interacting gaseous phase is still present, even when a < 0.
The theory in Eq. (3.3) can be explicitly stabilized, however, by adding higher order operators, for instance [30] 
where A parameterises the effective range of the two-body scattering problem, and B the amplitude for three-body collisions. Relativistic Q-ball solutions in the case that a is negative but B is non-vanishing, have been discussed in [31] . On the other hand, there is a range of chemical potentials where we are in the region of the "thick-wall approximation", and any stabilising terms, such as B, can be neglected [32] . In the following we will for simplicity ignore A but keep B, in order to understand when effects from operators such as those in Eq. (3.6) are important. Note that in the dilute and (almost) homogeneous limit the operator multiplied by B can be argued to be parametrically more important than that multiplied by A [30].
Solution in homogeneous space
Let us now consider in more detail the non-relativistic but homogeneous case, that is V (x) ≡ 0 in Eqs. (3.1), (3.3), (3.5), but B = 0 in Eq. (3.6).
Equations of motion
As in Eq. (2.7), we can write the solution of Eq. (3.5) in the form
where v ≥ 0 and α can be chosen to vanish. Eq. (3.5) then takes the form corresponding to Eq. (2.8),
The boundary conditions are that
Since the system is over-constrained, solutions are only found for specific values of v(0).
The parametric dependences of all the properties of the solution of Eqs. (4.2), (4.3) can easily be found out. A non-trivial solution exists for µ < 0, and in the attractive case we are interested in here, a < 0. We can then rescale 
Factors of β have been chosen such that rescalings back to physical units contain no |µ|'s, other than implicitly inside the β in Q β , E β :
10)
Exact numerical solution
It is well-known (cf. ref. [4] ) that a non-trivial solution exists for Eq. .7)). The upper branch (corresponding to β < 0.14) leads to unstable solitons, while the lower branch (β > 0.14) leads to metastable (E β > 0) or stable (E β < 0) ones.
β ≥ 0.) We may recall that the simplest way to understand this is to think ofr in Eq. (4.6) as a time variable,v as a position, and to note that Eq. (4.6) then corresponds to the movement of a classical particle in a potential P (v) = − 6 , under the influence of some friction. The situation is illustrated in Fig. 1(left) , for β = 0. A solution can be found by a simple overshooting-undershooting algorithm, and is also illustrated in Fig. 1 . We find the rangev (0) = 4.3374 ... 2.0 , (4.12)
for β = 0.0 ... 1.0, respectively. The corresponding Q β , E β are shown in Fig. 2 .
Analytic considerations
Let us next discuss some analytic estimates in the regimes of small and large β. The regime of small β, or small B, is called the "thick-wall" regime: there the Q-ball resembles a lump without a separate interior and a boundary; in other words, the boundary (or "wall") is as thick as the radius. Some properties of the solution, such as its behaviour at larger, have previously been discussed, e.g., in [1, 33] . The quantity Q β behaves as Q β =Q/β 1/2 , wherê Q ≈ 9.4486. From Eqs. and the particle number density at a given distance is given by
( 4.15) It is observed that the central density is smaller for larger particle numbers, but the size of the solution is larger. The solution remains weakly interacting even in the center,
for large values of Q. Note that all dependence on B has cancelled in Eqs. (4.14)-(4.16). These thick-wall solutions of the equations of motion are not stable, however. Using Q = −∂Ω(µ)/∂µ and Eq. (3.4), one can derive E(Q) from the Q(|µ|) in Eq. (4.13), to obtain
Note that in contrast to the relativistic case, this energy does not contain the particle rest masses. The fact that the total binding energy E(Q) is positive, implies that this solution is an excited state. In fact, it is not even metastable: following [4] , one can inspect Q-conserving field variations around the solutionv(r), and find that there is a direction in the field space where even a small variation leads to a decrease of E(Q). Therefore, the thick-wall solutions correspond to an unstable branch, as shown in Fig. 2 . There is, however, another solution with the same charge but a lower energy, to which we now turn. The so-called "thin-wall" regime is obtained as β = |µ|B(m/(πh 2 |a|)) 2 approaches unity.
At the same time,v(0) approaches 2.0. In this limit the core of the soliton is essentially in a homogeneous phase, corresponding to the global minimum of the theory, and has a welldefined boundary, or "wall", which is thin compared with the radius. Following [1, 13] , this solution could also be called a droplet of Bose liquid. In this limit, clearly, physics depends in an essential way on the value of the stabilising coefficient B.
The properties of the thin-wall solution can again be found in the standard way. One may first compute the interface tension of a planar wall at β = 1,σ = Then Ω β may be approximated as a sum of a surface term, 4πR 2σ , and a volume term, and extremising this expression allows to solve for the radiusR. Consequently, Q β and E β are easily obtained, to leading order in 1 − β. We find the charge 18) and the radius R ≈ mB 2 1/2 1 πh|a|
The binding energy becomes 20) and, being negative for large Q, the solitons are absolutely stable. At the same time, the central density becomes
independent of Q. Thus the interactions are no longer weak, for a small B.
To summarise, soliton solutions exist independent of the value of B. They come, however, in two branches, and the branch which remains there in the limit B → 0 ("thick-wall", or small β) corresponds to unstable Q-balls. Therefore, stabilising terms of the form in Eq. (3.6) are essential for the properties of stable atomic Q-balls. They tend to lead, however, to strong interactions in the interior of the soliton, which may in fact resemble a Bose liquid.
Finally, let us mention that according to Fig. 2 , the Q-ball solutions have a minimum charge, Q β ≈ 41, corresponding in physical units to Q min ≈ 41(mB/(2h 2 )) 1/2 (2π|a|) −2 .
Solutions in harmonic traps
In experiments where atomic BECs are studied, space is not homogeneous, but there is a harmonic trap, characterised by the potential V (x) in Eq. (3.5) . This modifies the solution in a qualitative way. We reiterate here the situation for spherically ("3D") and axially ("1D") symmetric potentials 5 . We do not present any new solutions but simply point out that the Q-ball picture provides a coherent qualitative understanding of the condensate behaviour also in the 1D and 3D traps.
3D case. Condensate solutions for a (nearly) spherical trap, V (x) ≡ mω 2 r r 2 /2, were obtained in [34] . Their essential properties are as follows. The trap has a finite width, characterised by l r = h/(mω r ), where ω r could typically be in the range of 100 Hz or so. Because of a finite l r , the radius of the soliton cannot grow freely, but is restricted. Therefore, as more particles condense, the only way to accommodate them is to increase the central density. This behaviour is opposite to either of the branches in Sec. 4. Therefore the trapped "soliton" belongs to yet a different "branch" of solutions than the genuine Q-balls. Another way to express the issue is that in the genuine Q-ball solutions µ < 0 (cf. Sec. 4), while in the trap solution µ > 0 [34] .
Because of the growth of the central density, trapped solutions with large charges are unstable. Indeed, once the central density increases beyond a certain limit, various losses become overwhelming [35] , and the condensate collapses, as is also observed experimentally [36] .
After the collapse, the condensate may start to grow again, only to experience yet another collapse later on [37] . The collapse happens when Q ∼ O(l r /|a|), imposing an upper limit on the charge, or particle number, in the condensate.
1D case. In the 1D case the trap has a small finite width only in two directions, but is very long in one direction. It turns out that in this case genuine solitons can be observed. The chemical potential corresponding to them is negative, as in Sec. 4. This solution, called a "bright soliton", was discussed in detail in [38] 6 .
The essential properties of the 1D solitons can easily be deduced from the results in Sec. 4, in the limit B → 0 (see also [40, 41] and references therein). Let us now denote by l r the transverse width of the trap, and by a r , a v the scaling factors in Eq. (4.4). In the expression for Q, then, the homogeneous 3D relation Q ∼Q a 3 r a 2 v gets replaced with Q ∼Q a r l 2 r a 2 v . Therefore, Q ∝ |µ| 1/2 . Consequently, the radius now scales as r ∝ a r ∝ |µ| −1/2 ∝ 1/Q, the central density as v 2 ∝ a 2 v ∝ |µ| ∝ Q 2 , the grand canonical potential as Ω(µ) ∝ a r l 2 r a 2 v |µ| ∝ |µ| 3/2 , and the energy as E(Q) = Ω(µ)−µ∂Ω(µ)/∂µ ∝ − 1 2 |µ| 3/2 ∝ −Q 3 . Because the binding energy is negative, these Q-balls are absolutely stable compared with the gaseous phase. The central density grows with particle number, however, which still causes an instability for large particle number, like for trapped 3D solitons.
Once they have formed [42, 43] , it is possible to study experimentally the collisions of such 1D solitons [43] . It is very interesting to note that the collision results are qualitatively similar to what has been found in numerical simulations of the relativistic case [44] , viz., that Q-balls with opposite phases repel each other [43, 45] . Such similarities may provide an exciting opportunity for studying supersymmetry-based post-inflationary cosmology in the laboratory.
Conclusions
We have emphasised in this paper that a rigorous formal analogy exists between the nontopological solitons, or Q-balls, of relativistic field theories, and three-dimensional solitons that could be found in atomic BECs with a negative s-wave scattering length. A stable threedimensional BEC soliton requires however an additional stabilising term beyond the usual four-point interaction. An example of such is three-body scattering, the strength of which we denoted by B. Whether a stabilising interaction of this type could be obtained in atomic BECs with a negative scattering length, either directly or effectively as a consequence of some coupling of the atoms to external fields, remains an open issue. If it exists, then for a range in B, the Q-ball would be stable against decay into its quanta, the free atoms.
Given that our main focus here, spherical Q-ball solutions in a homogeneous space, are very different from the traditional 3D trapped ones discussed in Sec. 5, it is an interesting question whether the former could also be observed experimentally. This is no doubt a challenging task. In principle one could attempt to tune the trap frequency to as small a value as possible while a > 0, and then tune a negative, to collapse an almost homogeneous BEC into a genuine Q-ball soliton. Alternatively one could start with a significantly prolongated trap holding a genuine 1D soliton, and then slowly decrease the trap frequency in the transverse directions, to try and restore spherical symmetry. Meanwhile, on the theoretical front it might be interesting to study the real-time behaviour of the atomic BEC Q-balls as a function of B, both for the unstable as well as for the stable branch.
